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The origin of large scale magnetic fields is one of the most puzzling topics in cosmology and
astrophysics. It is assumed that the observed magnetic fields result from the amplification of an
initial field produced in the early universe. In this paper we compute the exact power spectrum
of magnetic fields created after inflation best known as post inflationary magnetic fields, using the
first order cosmological perturbation theory. Our treatment differs from others works because we
include an infrared cutoff which encodes only causal modes in the spectrum. The cross-correlation
between magnetic energy density with Lorentz force and the anisotropic part of the electromagnetic
field are exactly computed. We compare our results with previous works finding agreement in cases
where the ratio between lower and upper cutoff is very small. However, we found that spectrum
is strongly affected when this ratio is greather than 0.2. Moreover, the effect of a post inflationary
magnetic field with a lower cutoff on the angular power spectrum in the temperature distribution
of CMB was also exactly calculated. The main feature is a shift of the spectrum’s peak as function
of the infrared cutoff, therefore analyzing this effect we could infer the value of this cutoff and thus
constraining the primordial magnetic fields generation models.
PACS numbers: 98.80.-k, 95.30.Qd. 98.80.Cq, 98.70.Vc, 98.80.-k.
I. INTRODUCTION
Magnetic fields have been observed in all scales of the
universe, from planets and stars to galaxies and galaxy
clusters with strength of the order of 10−6G at typical
scales of 10kpc [1]. Also a lower bound 3 × 10−16G
on the strength of magnetic fields in voids of the large
scale structure has been reported from gamma-ray ob-
servations [2]. However, the origin of such a magnetic
field remains as one of the unsolved mysteries in mod-
ern cosmology. There is a school of thought which states
that magnetic fields we observe today have a primordial
origin, indeed, there are some processes in early epoch
of the universe that would have created a small mag-
netic field a seed and after a while possibly was ampli-
fied by dynamo actions or adiabatic compression during
the structure formation era [3], [4]. The evolution of
this seed from its generation to the present has been dis-
cussed in detail by [5], [6], [7], [8]. The origin of this pri-
mordial magnetic fields (PMF) can be searched as elec-
troweak and QCD phase transitions, inflation, string the-
ory, among others [9]. Basically we can classify this seed
in two groups depending on generation model (Inflation
or post inflation scenarios). If we consider an inflation
scenario for example, we can get PMFs on scales larger
than the Hubble horizon with a variety of spectral indices
(supposing the power spectrum of PMF has the form of
a power law) [10]. Whilst post inflationary scenarios,
causally PMFs are generated, thus the maximum coher-
ence lenght for the fields must be no less than Hubble
horizon and also the spectral index is equal or greater
than two [11]. If PMFs really were present before to re-
combination era, these could have some effect on big bang
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nucleosynthesis (BBN), electroweak baryogenesis process
and would leaves imprints in the temperature and polar-
ization anisotropies of the cosmic microwave background
(CMB) [10], [12], [13, 14]. This effect on CMB has been
studied since the early attempts of Zeldovich and nowa-
days it is a subject of active investigation [15], [16], [17],
[18], [19]. In cases where PMFs is supposing to be ho-
mogeneous, some authors have found these ones can pro-
duce effects on acustic peaks due to fast magnetosonic
waves and Alfve´n waves induce correlations in tempera-
ture multipole moments [11], [20]. Other alternative is
to consider a stochastic PMF where its power spectra
is assumed to be a power law. In this case the Alfve´n
waves induced by a stochastic magnetic field affect the
pattern of temperature and B-polarization on CMB [21].
Different works have addressed the study of PMFs in sce-
narios where these ones are modeled via stochastic fields
because they are more realistic and look like to the fields
measured in clusters of galaxies [11], [22]. Also, in [23]
they studied the impact of a stochastic PMF on scalar,
vector and tensor modes on CMB anisotropies, finding
that the vector modes dominate over the scalar ones at
high multipolar numbers and in [24], [25] is analysed the
non-Gaussian signals on CMB generated via stochastic
PMFs. In this paper we focus our study in the case of
PMFs generated in post inflationary stages and its influ-
ence in the CMB anisotropies. For this, we calculate the
exact scalar, vector and tensor power spectrum for the
energy density, Maxwell stress-energy tensor and Lorentz
force of a stochastic PMF with an upper cutoff at kD
which corresponds to the damping scale and a lower cut-
off km which corresponds to the Hubble radius when the
field was generated. Indeed, this km gives the minimum
wave numbers and it is dependent on PMF generation
models, therefore this lower cutoff could give us informa-
tion about the PMF generation mechanisms, and thus its
study will be of great importance in this paper. We also
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2calculate the angular power spectrum of the CMB tem-
perature anisotropy induced by a magnetic perturbation.
This paper is organised as follows: Section 2 describes the
two-point correlation function for a statistically homoge-
neous and isotropic magnetic field, Section 3 explains the
cutoff in the definitions of the power spectrum, Section 3
presents the integration technique and Section 4 reports
numerical solutions of the power spectrum of a PMF.
With the exact expression of the power spectrum, the
angular power spectrum of the CMB induced by PMFs
is computed in Section 5. Finally, a summary of the work
and conclusions are presented in Section 6.
II. MAGNETIC CORRELATION FUNCTIONS
To deal with a PMF, the space-time under study
is permeated by a weak magnetic field, which is a
stochastic field and can be treated as a perturbation
on a flat-Friedman-Lemaitre-Robertson Walker (FLRW)
background
ds2 = a2(τ)
(−dτ2 + δijdxidxj) , (1)
with a(τ) the scale factor1. The electromagnetic energy
momentum tensor at first order in the perturbation the-
ory is quadratic in the magnetic fields
T
(B)
00 (x, τ) = ρB(x, τ) =
1
8pi
B2(x, τ), (2)
T
(B)
ij (x, τ) =
1
4pi
[
Bi(x, τ)Bj(x, τ)− 1
3
δijB
2(x, τ)
]
,(3)
also, the anisotropic trace-free part of the stress-energy
tensor (spatial part of energy momentum tensor) of the
magnetic field takes the form
Πij(x, τ) = Tij(B)(x, τ) +
1
3
δijρB(x, τ). (4)
The PMF amplitude scales as B2(x, t) = B
2(x)
a4(τ) at larges
scales within the infinite conductivity limit which is a
good approximation before the decoupling epoch [26].
A. The statistics for a stochastic PMF
Now, the PMF power spectrum which is defined as the
Fourier transform of the two points correlation can be
written as
〈B∗i (k)Bj(k′)〉 = (2pi)3δ3(k− k′)PijPB(|k|), (5)
1 Hereafter the Greek indices run from 0 to 3, and the Latin ones
run from 1 to 3, we will work with conformal time τ , τ0 is the
current value of conformal time.
where Pij is a projector onto the transverse plane
2,
PB(|k|) is the PMF power spectrum and where we use
the Fourier transform conventions
Bj(x) =
∫
d3x
(2pi)3
exp (−ik · x)Bj(k),
δ(k) =
∫
d3x
(2pi)3
exp (ik · x). (6)
Since B is statistically homogeneous and isotropic, the
correlation depends only on the distance |x− y|. We re-
strict our attention to the evolution of a causally gener-
ated or post inflationary PMF parametrized by the power
law with index n ≥ 2, with an ultraviolet cutoff kD and
the dependence of an infrared cutoff km, thus we consider
that for km ≤ k ≤ kD the power spectrum can be defined
as
PB(k) = Ak
n, (7)
being A the normalization constant which is given in [11]
as
A =
B2λ2pi
2λn+3
Γ(n+32 )
, (8)
where Bλ is the comoving PMF strength smoothing over
a Gaussian sphere of comoving radius λ. The equations,
for energy density of magnetic field and anisotropic trace-
free part respectively written in Fourier space are
ρB(k, τ) =
1
8pi
∫
d3k′
(2pi)3
Bl(k)B
l(
∣∣k− k′∣∣), (9)
Πij(k, τ) =
1
4pi
∫
d3k′
(2pi)3
[
Bi(k
′)Bj(
∣∣k− k′∣∣)
− 1
3
δijBl(k
′)Bl(
∣∣k− k′∣∣) ] . (10)
Following [27], the anisotropic trace-free part can be
splitted in a scalar, vector and tensor part
Π(S)(k, τ) =
3
2
(
kikj
k2
− 1
3
δij
)
Πij(k, τ), (11)
Π
(V )
i (k, τ) = Pij
kl
k
Πlj(k, τ), (12)
Π
(T )
ij (k, τ) = PiljmP
mnP lsΠns(k, τ), (13)
where scale in the same way that energy density (infi-
nite conductivity) of PMF like Πij(k, τ) =
Πij(k,τ0)
a4(τ) and
Piljm =
(
PilPjm − 12PijPlm
)
. Furthermore, PMFs affect
motions of ionized baryons by the Lorentz force which is
read as
L(k, τ0) =
1
4pi
((∇×B(x))×B(x)) , (14)
2 Being Pij = δij − kikjk2 , where PijPjk = Pik and Pijkj = 0.
3which appears in the Navier-stokes equation at first or-
der when PMF is considered [26]. Using the free diver-
gence of magnetic field property and the decomposition
the Lorentz force into a scalar and vector part, the re-
lation between the anisotropic stress-energy tensor and
Lorentz force is given by [28]
Π(S)(x, τ0) = L
(S)(x, τ0) +
1
3
ρB(x, τ0). (15)
Now, we use the two-point correlation function for
ρB(k, τ), Π(k, τ), LB(k, τ) and the cross-correlation be-
tween them
〈ρB(k, τ)ρ∗B(k′, τ)〉 = (2pi)3 |ρB(k, τ)|2 δ3(k− k′), (16)
〈Π(S)(k, τ)Π(S)∗(k′, τ)〉 = (2pi)3
∣∣∣Π(S)(k, τ)∣∣∣2 δ3(k− k′),
(17)
〈L(S)(k, τ)L(S)∗(k′, τ)〉 = (2pi)3
∣∣∣L(S)(k, τ)∣∣∣2 δ3(k− k′),
(18)
〈ρB(k, τ)L(S)∗(k′, τ)〉 = (2pi)3
∣∣∣ρB(k, τ)L(S)(k, τ)∣∣∣ δ3(k−k′),
(19)
〈ρB(k, τ)Π(S)(k′, τ)〉 = (2pi)3
∣∣∣ρB(k, τ)Π(S)(k, τ)∣∣∣ δ3(k−k′),
(20)
for the scalar part. For the vector and tensor part we
have
〈Π(V )i (k, τ)Π(V )∗j (k′, τ)〉 = (2pi)3Pij
∣∣∣Π(V )(k, τ)∣∣∣2 δ3(k−k′),
(21)
〈Π(T )ij (k, τ)Π(T )∗ij (k′, τ)〉 = 4(2pi)3
∣∣∣Π(T )(k, τ)∣∣∣2 δ3(k−k′),
(22)
respectively, here the power spectrum depends only on
k = |k|. Now, to calculate the power spectrum, we sub-
stitute the equations (9) and (10) in the above expres-
sions, then we use the Wick’s theorem to evaluate the
four-point correlator of the PMF and finally the equa-
tion (5) is used. After a straightforward but somewhat
lengthy calculation one obtains the power spectrum for
ρB(k, τ), Π(k, τ), LB(k, τ) given by
|ρB(k, τ)|2 = 1
256pi5
∫
d3k′(1 + µ2)PB(k′)PB(
∣∣k− k′∣∣),(23)∣∣∣L(S)(k, τ)∣∣∣2 = 1
256pi5
∫
d3k′[4(γ2β2 − γµβ) + 1 + µ2]×
× PB(k′)PB(
∣∣k− k′∣∣), (24)∣∣∣Π(s)(k, τ)∣∣∣2 = 1
576pi5
∫
d3k′[4− 3(β2 + γ2) + µ2
+ 9γ2β2 − 6µβγ]PB(k′)PB(
∣∣k− k′∣∣), (25)
for scalar modes∣∣∣ρB(k, τ)L(S)(k, τ)∣∣∣ = 1
256pi5
∫
d3k′[1− 2(γ2 + β2)
+ 2γµβ − µ2]PB(k′)PB(
∣∣k− k′∣∣),(26)∣∣∣ρB(k, τ)Π(S)(k, τ)∣∣∣ = 1
128pi5
∫
d3k′
[
2
3
− (γ2 + β2)
+ µγβ − 1
3
µ2
]
PB(k
′)PB(
∣∣k− k′∣∣),(27)
for the scalar cross-correlation and∣∣∣Π(V )(k, τ)∣∣∣2 = 1
128pi5
∫
d3k′[(1 + β2)(1− γ2)
+ µγβ − γ2β2]PB(k′)PB(
∣∣k− k′∣∣),(28)∣∣∣Π(T )(k, τ)∣∣∣2 = 1
512pi5
∫
d3k′[1 + 2γ2 + γ2β2]×
× PB(k′)PB(
∣∣k− k′∣∣), (29)
for the vector and tensor part. The angular functions are
defined as
β =
k · (k− k′)
k
∣∣k− k′∣∣ , µ = k′ · (k− k′)k′ ∣∣k− k′∣∣ , γ = k · k′kk′ .
(30)
Our results are in agreement with those found by [28],
[29], [16].
III. THE CUTOFF DEPENDENCE WITH THE
SCALE
In this part we solve the last expressions for getting
the power spectrum of a causal PMF generated before
recombination epoch. By considering a stochastic PMF
in the cosmological scenario, an upper cutoff kD corre-
sponds to the damping scale should be taking in account,
in sense that magnetic field energy is dissipated into heat
through the damping of magnetohydrodynamics waves.
The damping ocurrs due to the diffusion of neutrinos
prior to neutrino decoupling (T ∼ 1MeV) and the pho-
tons before recombination (T ∼ 0.25 eV). Particularly,
we try with three types of propagating MHD modes, the
fast and slow magnetosonic waves and the Alfve´n waves
[11], [30]. However, we concentrate in the latter because
these ones are the most effective in damping when ra-
diation is free-streaming (recombination), that is, when
k ≤ VALSilk, where VA is the Alfve´n speed and LSilk, the
Silk damping scale at recombination, [5], [24]. The upper
cutoff of PMF was found by [5], [11] which is dependent
of strength of magnetic energy and the spectral index as
follows
kD
h
1
n+5Mpc−1
≈ (1.7× 102) 2n+5 ( Bλ
1nG
) −2
n+5
×
(
kλ
1Mpc−1
)n+3
n+5
, (31)
4for vector modes where h = 0.679 ± 0.100. For tensor
modes the cutoff takes the following form
kD
h
6
n+5Mpc−1
≈ (8.3× 103) 2n+5 ( Bλ
1nG
) −2
n+5
×
(
kλ
1Mpc−1
)n+3
n+5
. (32)
Therefore, the damping scale changes with time and the
power spectrum for a PMF must have a time dependence
due to the cosmic epoch where it is present besides the
decay by the expansion of the universe. With the latter
equations, we can expect a high contribution of tensor
modes on CMB for large scales respect to the vector ones.
Now, the power spectrum of magnetic field we want to
study takes into account an infrared cutoff km for low
values of k and which depend on the generation model of
the PMF. This minimal scale has been studied by [31],
[32], [33], [34] showing the effects of PMFs on abundances
of primordial light elements using BBN, the distortions
on CMB due to a background PMF and the relevance
of PMF in formation of structure in the universe respec-
tively. Therefore, the scale k[Mpc−1] moves from km
to kD and where we parametrize this infrared cutoff as
km = αkD where 0 < α < 1. This lower cutoff is strongly
dependent on the PMF generation model. Therefore,
studying its effects on the CMB signal we could get in-
formation about the PMF generation mechanism.
A. Integration method
We choose our coordinate system in such a way that
k is along the z axis, thus γ is the cosine of angle
between k′ and the z axis (γ = cosθ). The integra-
tion measure can be written, in spherical coordinates as
d3k′ = k′ 2dk′dγdφ. The angular part related with φ is
just equal to 2pi. But, there is a constraint on the angle
to be integrated over γ, depending on the magnitude of
k′. For making the integration two conditions need to be
fulfill
km <
∣∣k− k′∣∣ < kD, km < ∣∣k′∣∣ < kD. (33)
Under these conditions, the power spectra is non zero
only for 0 < k < 2kD, result also found in [23]. The
integration domain for calculating the power spectrum is
found in appendix A.
IV. POST INFLATIONARY MAGNETIC FIELD
POWER SPECTRA
Primordial magnetic fields generated after inflation are
expected to have a very small amplitude (10−20G) at the
scale of 1Mpc, but even if this field is very small it is
nonzero and it can leave a detectable imprint on CMB
pattern [35], [36]. The figure 1 shows the magnetic energy
density convolution and its dependence with both the
spectral index and the amplitude at a scale of λ = 1Mpc
(we plot the power spectra times k3 for comparing with
[29]). We note that amplitude of the spectra is propor-
tional not only with the strenght of PMF as well to spec-
tral index. In the figure 2 the Lorentz force spectra is
shown for different values of spectral index keeping an
amplitud of 1nG at a scale of 1Mpc. The scalar, vector
and tensor anisotropic modes are shown in figure 3. In
this plot we can see that the largest contribution comes
from tensor modes followed by scalar and vector modes
respectively. The figure 4 shows the cross correla-
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FIG. 1. Plot of magnetic energy density of PMF power spec-
trum k3 |ρB(k, τ)|2 versus k(Mpc−1) for different strenght of
the PMF (solid lines for Bλ = 1nG, medium dashed lines for
Bλ = 5nG, and large dashed lines for Bλ = 10nG), and for
different spectral indices (n = 2 for lines with open circles,
n = 7/2 for lines with open squares, and n = 4 for lines with
filled circles).
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FIG. 2. Plot of Lorentz force spectra k3
∣∣∣L(S)(k, τ)∣∣∣2 versus
k(Mpc−1) for different spectral indices (n = 2, 3, 7/2, 4 from
solid to the large dashed lines).
tion between the energy density with Lorentz force and
anisotropic trace-free part. Notice that the cross correla-
tion between energy density and Lorentz force is negative
in all range of scales whilst the cross correlation between
energy density and anisotropic trace-free part starts to
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FIG. 3. Plot of scalar (solid lines), vector (short dashed lines),
and tensor (large dashed lines) parts of the anisotropic trace-
free part power spectrum k3 |Π(k, τ)|2 versus k(Mpc−1) for
different spectral indices (n = 2 for lines and n = 4 for lines
with filled circles).
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FIG. 4. Plot of cross-correlation of k3
∣∣∣ρB(k, τ)Π(S)(k, τ)∣∣∣
(just lines), k3
∣∣∣ρB(k, τ)L(S)(k, τ)∣∣∣ (lines with filled circles),
and k3 |ρB(k, τ)|2 (lines with open circles), for different spec-
tral indices (n = 2 for solid lines and n = 3 for dashed lines).
be negative for values of k ≥ 0.05Mpc−1 (with n = 3)
and k ≥ 0.03Mpc−1 (with n = 2). The effect of the
smoothing scale over power spectrum is shown in the fig-
ures 5 and 6, where we set the strengh of the field to 1nG.
The figure 7 makes a comparison of our results of vector
and tensor anisotropic trace-free parts with the found by
[23] (see figure 1 and equation (A2) in this paper) and
by [11] (see equations (2.18), (2.22) in this paper) with
values of Bλ = 1nG, n = 2, at λ = 1Mpc. Our re-
sults are in complete agreement with the first authors
and are in concordance with the second author just for
k ≤ 0.015Mpc−1 for vector modes and k ≤ 0.005Mpc−1
for tensor modes and with a small difference in the am-
plitude of the field. The scale k for this plot runs from
0 to kD ∼ 0.04Mpc−1 due to the approximation found
by [11] is valid only for this range. As a general result
we should notice that there is a strong dependence of
power spectrum and the upper cutoff with variables such
as field amplitude and spectral index. Indeed, we observe
how the increase in the strenght of the PMF moves the
peak of the spectrum and the value of km to large scales
(lower k), different from what happens with the spec-
tral index which shifts the peak of the spectra and km to
high values of the k-scale. This behavior is similar with
the smoothing scale where for high values of λ the peak
moves to lower values of k. In this way, some authors
refer this upper cutoff to be a free parameter which is
dependent on the PMF generation model being very im-
portant to constraint magnetogenesis models and could
be contrasted with damping PMFs scenarios [18].
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FIG. 5. Plot of magnetic energy density of PMF power spec-
trum k3 |ρB(k, τ)|2 versus k(Mpc−1) for different values of
smoothing scale ( λ = 1Mpc for lines with open circles,
λ = 0.75Mpc corresponds to lines with filled circles, and
λ = 0.5Mpc for lines with open squares), and for different
spectral indices (n = 2 refers to solid lines and n = 3 for
dashed lines).
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FIG. 6. Plot of anisotropic trace-free tensor part power spec-
trum k3
∣∣∣Π(T )(k, τ)∣∣∣2 versus k(Mpc−1) for different values of
smoothing scale ( λ = 1Mpc for lines with open circles,
λ = 0.75Mpc corresponds to lines with filled circles, and
λ = 0.5Mpc for lines with open squares), and for different
spectral indices (n = 2 refers to solid lines and n = 3 for
dashed lines).
6FIG. 7. Plot of comparison between our results of the
anisotropic trace-free part power spectrum k3
∣∣∣Π(V,T )(k, τ)∣∣∣2
versus [23] (dashed line) and [11] (solid line) for values of
n = 2, Bλ = 1nG and λ = 1Mpc.
V. MAGNETIC CONTRIBUTION TO CMB
ANISOTROPIES
Using the total angular momentum formalism intro-
duced by [37], the angular power spectrum of the CMB
temperature anisotropy is given as
(2l+1)2CΘ Θl =
2
pi
∫
dk
k
2∑
m=−2
k3Θ
(m) ∗
l (τ0, k)Θ
(m)
l (τ0, k),
(34)
where m = 0,±1,±2 are the scalar, vector and tensor
perturbations modes and Θ
(m)
l (τ0, k) are the tempera-
ture fluctuation δTT multipolar moments. In large scales,
one can neglect the contribution on CMB temperature
anisotropies by ISW effect in presence of a PMF [11].
Therefore, considering just the fluctuation via PMF per-
turbation, the temperature anisotropy multipole moment
for m = 0 becomes [11]
Θ
(S)
l (τ0, k)
2l + 1
≈ −8piG
3k2a2dec
ρB(τ0, k)jl(kτ0), (35)
where adec is the value of scalar factor at decoupling, G is
the Gravitational constant and jl is the spherical Bessel
function. Substituting the last expression in equation
(34), the CMB temperature anisotropy angular power
spectrum is given by
l2C
Θ Θ (S)
l =
2
pi
(
8piG
3a2dec
)2 ∫ ∞
0
|ρB(τ0, k)|2
k2
j2l (kτ0)l
2dk,
(36)
where for our case, we should integrate only up to 2kD
since it is the range where energy density power spec-
trum is not zero. The result of the angular power spec-
trum induced by scalar magnetic perturbations given by
equation (36) is shown in the figure 8. Here, we plot
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FIG. 8. Plot of the CMB temperature anisotropy angular
power spectrum induced by scalar magnetic perturbations,
where the lines with filled circles are for n = 2 and the other
ones for n = 5/2. Here, the solid lines refer to Bλ = 10nG,
large dashed lines for Bλ = 8nG, small dashed lines refer to
Bλ = 5nG, and dotted lines for Bλ = 1nG.
FIG. 9. Plot of the CMB temperature anisotropy angular
power spectrum induced by tensor magnetic perturbations,
where the lines with filled circles are for n = 2 and the other
ones for n = 4. Here, the solid lines refer to Bλ = 1nG,
large dashed lines for Bλ = 5nG, small dashed lines refer to
Bλ = 8nG, and dotted lines for Bλ = 10nG.
the log l2CΘΘl in order to compare our results with those
found by [11]. We calculate the angular power spectrum
of CMB in units of 2pi
(
8piG
3a2dec
)2
. One of the important
7features of the CMB power spectrum (scalar mode) with
a PMF is that distortion is proportional to strength of
PMF and decreases with the spectral index and we must
expect its greatest contribution at low multipoles.
In the case where m± 2 (tensor modes), the tempera-
ture anisotropy multipole moment is given by Eq. (5.22)
of [11]
θ
(T )
l
2l + 1
' −2pi
√
8(l + 2)!
3(l − 2)!
(
Gτ20 zeq ln
(
zin
zeq
))
× Π(T )(k, τ0)
∫ x0
0
j2(x)
x
jl(x0 − x)
(x0 − x)2 dx, (37)
where zin and zeq are the redshift when PMF was created
and during equal matter-radiation era respectively and
x0 = kτ0. For the integral found in the last expression,
we use the approximation made by [20]∫ x0
0
j2(x)
x
jl(x0 − x)
(x0 − x)2 dx '
7pi
25
√
l
x30
Jl+3(x0), (38)
where jl(z) =
√
pi
2zJl+ 12 (z), being Jν(z) the Bessel func-
tions of the first kind. With this approximation the ten-
sor CMB temperature anisotropy angular power spec-
trum induced by a PMF is given by
l2C
ΘΘ(T )
l =
(
Gzeq ln
(
zin
zeq
))2
l4(l − 1)(l + 1)(l + 2)
(2l + 1)2τ20
× 1.25pi3
∫
dk
k4
J2l+3(kτ0)
∣∣∣Π(T )(k, τ0)∣∣∣2 . (39)
The plot of CMB power spectra for tensor perturbations
from a power law stochastic PMF with spectral index
n = 2 ( lines with filled circles) and n = 4 (without
circles) for different amplitudes of the magnetic field is
shown in figure 9. Here we can see the same dependence
of spectral index and amplitud of PMF as the scalar case.
Here the spectra is in units of
(
Gzeq ln
(
zin
zeq
))2
1.25pi3
τ20
.
VI. DEPENDENCE OF THE SPECTRUM WITH
THE INFRARED CUTOFF
Studying the effect of this lower cutoff of CMB spec-
tra we can constrain PMF generation models. For this,
we plot in figure 10 the power spectrum of the energy
density of PMF for different values of km. Here we can
see the strong dependence of the power spectrum with
this scale, basically the power spectrum does not change
when 0.2kD > km > 0 with respect to the results of
km = 0, but in the cases where km > 0.2kD (threshold
described by dashed line) there is a significant variation
with a null lower cutoff. Futhermore, for k close to 2kD
the spectrum decays with the same slope, independent
from lower cutoff, in this case for nB , the slope of the en-
ergy density of PMF goes as ∼ k−3.2. The figures 11 and
12 show the effects of PMF on the scalar mode of CMB
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FIG. 10. Plot of magnetic energy density of PMF power spec-
trum k3 |ρB(k, τ)|2 versus k(Mpc−1) with nB = 2 and for
different values of infrared cutoff, lines with open squares re-
fer to km = 0.9kD. Lines with filled squares correspond to
km = 0.7kD, lines with filled circles for km = 0.5kD; dashed
line refer to km = 0.3kD, and finally, lines with open circles
and diamonds correspond to km = 0.1kD and km = 0.001kD
respectively.
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FIG. 11. Comparison between the CMB temperature
anisotropy angular power spectrum induced by scalar PMF
at km = 0.001kD lower cutoff, respect to the other ones with
different values of infrared cutoff. Here, the solid horizontal
line is for km = 0.1kD; small and large dashed lines refer to
km = 0.3kD and km = 0.4kD respectively.
spectra. Here we did a comparison between the Cls with
a null cutoff respect to Cls generated by values of cutoff
different from zero. The horizontal solid line shows the
comparison with km = 0, km = 0.001kD, km = 0.1kD; no
difference in effectiveness was found between these values.
The dashed lines report a significant difference of the Cls
for values of km = 0.3kD, km = 0.7kD, and km = 0.9kD.
In figure 13 we show the dependence of the anisotropic
trace-free tensor part power spectrum with the infrared
cutoff. We observe again a strong dependence for values
larger than 0.2kD represented by the dashed line. In fact,
from figures 14 and 15, we find that tensor modes of the
CMB spectra are distorted by values of α greater than
0.2. It is appropiate to remark that power spectrum of
causal fields is a smooth function in the k-space without
80 100 200 300 400 500
0.0
0.5
1.0
1.5
2.0
l
L
o
g
BI
C
lQ
Q
HS
L
M Α=
0
.
0
0
1
C
lQ
Q
HS
L
F
FIG. 12. This plot shows again a comparison between the
CMB temperature anisotropy angular power spectrum in-
duced by scalar PMF at km = 0.001kD lower cutoff, respect
to the other ones with different values of infrared cutoff. Here,
the solid horizontal line is for km = 0.1kD. The dashed
lines describe km = 0.3kD, km = 0.4kD, km = 0.7kD, and
km = 0.9kD from the small to the longest dashed lines re-
spectively.
any sharp cutoff coming from the original mechanism,
now, given the parametrization introduced in this paper
we notice from figure 7 that for α very small, the calcu-
lations agree with previous work. It can be thinking as
contribution of the super horizon modes is negligible and
one would expect that scales as ∼ k4 for instance. But
the results found here have demostrated that an infrared
cutoff plays an important role in physical scenarios in
other cases where α > 0.2. Also, one of the characteris-
tics of this dependence is the existence of a peak; indeed,
for large values of α the peak moves to left as we see for
instance with α = 0.4 where the peak is in l ∼ 380 while
for α = 0.9 the peak is shifted to l ∼ 200.
In summary we are working on the assumption that
after inflation a weak magnetic field, a seed, was created.
This PMF is parametrized by its strength Bλ, smoothing
length λ and in accordance with the generation process,
it also depends on kD, km and a blue spectral index nB .
In particular, km is set by the size of the causal part
of the Universe during its generation. Now, if this seed
indeed is presented during late stages in the universe,
this PMF prints a signal in the pattern on CMB spectra,
signal that depends of the variables above mentioned, in
particular km. If α is close to one the effect of infrared
cutoff must not be ignored, even in scenarios like inflation
this cutoff is also important (For a deeper discussion see
[31]). Therefore, the feature of this signal which we found
is strongly dependent of the infrared cutoff, will be useful
for constraining PMF post inflation generation models.
Besides this km is important for studying the evolution
of density perturbations and peculiar velocities due to
primordial magnetic fields and effects on BBN [31], [33],
[34], [38].
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FIG. 13. Plot of anisotropic trace-free tensor part power spec-
trum k3
∣∣∣Π(T )(k, τ)∣∣∣2 versus k(Mpc−1) with nB = 2 for dif-
ferent values of infrared-cutoff, lines with open squares re-
fer to km = 0.9kD. Lines with filled squares correspond to
km = 0.7kD, lines with filled circles for km = 0.5kD; dashed
line refer to km = 0.3kD, and finally, lines with open circles
and diamonds correspond to km = 0.1kD and km = 0.001kD
respectively.
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FIG. 14. Comparison between the CMB temperature
anisotropy angular power spectrum induced by tensor mag-
netic perturbation at km = 0.001kD lower cutoff, respect to
the other ones with different values of infrared cutoff. Here,
the solid horizon line is for km = 0.1kD; small and large
dashed lines refer to km = 0.3kD and km = 0.4kD respec-
tively.
VII. DISCUSSION
The origin of large scale magnetic fields is one of the
most puzzling topics in cosmology and astrophysics. Un-
derstanding its generation and evolution is a main goal
from both theoretical and observational aspects. In this
work we have discussed how magnetic fields created in
early epochs in the universe: PMFs, could affect the
power spectrum on CMB pattern temperature. These
PMFs can be characterized by the amplitud of the field
and its spectral index in according to the generation
model, supposing a power law scaling. The power spec-
tra for causal PMFs or post inflationary fields is strongly
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FIG. 15. This plot shows again a comparison between the
CMB temperature anisotropy angular power spectrum in-
duced by tensor magnetic fluctuations at km = 0.001kD lower
cutoff, respect to the other ones with different values of in-
frared cutoff. Here, the solid horizon line is for km = 0.1kD.
The dashed lines describe km = 0.3kD, km = 0.4kD, km =
0.7kD, and km = 0.9kD from the small to the longest dashed
lines respectively.
dependent of an upper cutoff (due to damped on small
scales by radiation viscosity), a lower cutoff determined
by the the causal horizon size, and has the property that
n ≥ 2. Here, we use this insight to solve the exact convo-
lution of the Fourier spectra for scalar, vector and tensor
modes, to improve a previously estimation proposed by
[11] and [29]. The main difference lies in the fact that
we consider a lower cutoff which takes into considera-
tion only those modes inside the causal region. We have
shown the exact power spectrum for a PMFs choosing a
small infrared cutoff and finding a good agreement with
[29]. Next, we use these results for calculating the angu-
lar power spectrum of CMB anisotropies due to a PMF
and we get the results shown in figures 8 and 9 which are
in good concordance with the obtained by [11]. However,
in considering just causal fields, the infrared cutoff starts
to be relevant in the power spectrum of these fields as we
found in figures 10 and 13 where for values of α > 0.2
being α = km/kD, the PMF spectra changes drastically,
except to values k close to 2kD whose slope remains in-
variant. We also found that for large values of α the peak
of the spectrum moves to high wavenumbers. Hence, if
the value of the lower cutoff changes, the CMB spectra
would have to be distorted by this change and therefore,
observing this effect of CMB we could infer the value
of this cutoff and thus constraining PMF post inflation
generation model. The dependence of distortion of CMB
spectra respect to infrared cutoff was shown in the figures
11, 12 for scalar modes and 14, 15 for tensor modes. In
conclusion, constrainting the value of α via CMB obser-
vations, we offers the possibility to set the epoch where
PMF was created in order to distinguish the cosmological
model in which the seed field was produced.
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Appendix A: Integration domain
The conditions over k equation (33), introduce a de-
pendence on the angular integration domain and the two
allow the energy power spectrum to be non zero only for
0 < k < 2kD. The conditions split the double integral in
the following form, for 0.2kD > km > 0 we have
2km > k > 0 (A1)
∫ k+km
km
d3k′
∫ k2+k′ 2−k2m
2kk′
−1
dγ +∫ kD−k
km+k
d3k′
∫ 1
−1
dγ +
∫ kD
kD−k
d3k′
∫ 1
k2+k′ 2−k2
D
2kk′
dγ
kD − km
2
> k > 2km (A2)
∫ k−km
km
d3k′
∫ 1
−1
dγ +
∫ kD−k
km+k
d3k′
∫ 1
−1
dγ +
∫ k+km
k−km
d3k′
∫ k2+k′ 2−k2m
2kk′
−1
dγ +
∫ kD
kD−k
d3k′
∫ 1
k2+k′ 2−k2
D
2kk′
dγ
kD + km
2
> k >
kD − km
2
(A3)
∫ k−km
km
d3k′
∫ 1
−1
dγ +
∫ kD−k
k−km
d3k′
∫ k2+k′ 2−k2m
2kk′
−1
dγ +
∫ k+km
kD−k
d3k′
∫ k2+k′ 2−k2m
2kk′
k2+k′ 2−k2
D
2kk′
dγ +
∫ kD
km+k
d3k′
∫ 1
k2+k′ 2−k2
D
2kk′
dγ
kD − km > k > kD + km
2
(A4)
∫ kD−k
km
d3k′
∫ 1
−1
dγ +
∫ k−km
kD−k
d3k′
∫ 1
k2+k′ 2−k2
D
2kk′
dγ +
∫ k+km
k−km
d3k′
∫ k2+k′ 2−k2m
2kk′
k2+k′ 2−k2
D
2kk′
dγ +
∫ kD
km+k
d3k′
∫ 1
k2+k′ 2−k2
D
2kk′
dγ
kD + km > k > kD − km (A5)
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∫ k−km
km
d3k′
∫ 1
k2+k′ 2−k2
D
2kk′
dγ +
∫ kD
k−km
d3k′
∫ k2+k′ 2−k2m
2kk′
k2+k′ 2−k2
D
2kk′
dγ
2kD > k > kD + km (A6)
∫ kD
k−kD
d3k′
∫ 1
k2+k′ 2−k2
D
2kk′
dγ.
For the case where kD > km > 0.2kD, we have
kD − km
2
> k > 0 (A7)
∫ k+km
km
d3k′
∫ k2+k′ 2−k2m
2kk′
−1
dγ +
∫ kD−k
km+k
d3k′
∫ 1
−1
dγ +∫ kD
kD−k
d3k′
∫ 1
k2+k′ 2−k2
D
2kk′
dγ
kD − km > k > kD − km
2
(A8)
∫ k−km
km
d3k′
∫ k2+k′ 2−k2m
2kk′
−1
dγ +
∫ km+k
kD−k
d3k′
∫ k2+k′ 2−k2m
2kk′
k2+k′ 2−k2
D
2kk′
dγ +∫ kD
k+km
d3k′
∫ 1
k2+k′ 2−k2
D
2kk′
dγ
2km > k > kD − km (A9)
∫ kD
km
d3k′
∫ k2+k′ 2−k2m
2kk′
k2+k′ 2−k2
D
2kk′
dγ
km + kD > k > 2km (A10)
∫ kD
k−km
d3k′
∫ k2+k′ 2−k2m
2kk′
k2+k′ 2−k2
D
2kk′
dγ +
∫ k−km
km
d3k′
∫ 1
k2+k′ 2−k2
D
2kk′
dγ
2kD > k > km + kD (A11)
∫ kD
k−kD
d3k′
∫ 1
k2+k′ 2−k2
D
2kk′
dγ.
In the case where km = 0, the integration domain leads
to
kD > k > 0 (A12)
∫ kD−k
0
d3k′
∫ 1
−1
dγ +
∫ kD
kD−k
d3k′
∫ 1
k2+k′ 2−k2
D
2kk′
dγ
2kD > k > kD (A13)
∫ kD
k−kD
d3k′
∫ 1
k2+k′ 2−k2
D
2kk′
dγ,
which is in agreement with [29].
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